]. Finally, we show that our method confirms the absence of any structural transition in hard rods for the entire range of densities below close packing.
I. INTRODUCTION
The second equilibrium equation in the BBGKY hierarchy establishes an exact relation between the pair and triplet number density. Invoking the Kirkwood superposition approximation yields a nonlinear integral equation for the pair correlation function 1, 2 . Interest in studying the analytic and numerical properties of the resulting Yvon-Born-Green and/or Kirkwood equation began with Kirkwood and coworkers [3] [4] [5] [6] , and continues to the present day 7 . Of particular interest is whether the closed equation provides an essentially correct description of the fluid phase, and whether a (possible) change in the analytic character of the solutions signals a change from the fluid phase to a solid phase. It is to the latter question that the methods of the present contribution are directed.
One approach to explore analytically the possibility of a phase transition from the fluid phase to the solid phase is to mobilize the theory of nonlinear integral equations, focusing on theorems which establish the necessary and sufficient conditions for the existence and uniqueness of solutions, and bifurcation points [8] [9] [10] [11] [12] . An alternative approach is to introduce a moment expansion by means of which the YBG equation can be cast into a nonlinear differential equation which may be used to analyze long-range correlations 13, 14 . The present contribution is centered on a new method of studying the asymptotic decay of correlations, first introduced in Ref. 15 for the hard sphere fluid.
In this paper, we focus on the hard disk fluid. The method leads to the prediction of a structural transition in both the hard sphere and hard disk fluids, and no transition in the hard rod system (as must be the case). We shall show that the values of packing fractions at which the predicted transitions occur are in agreement with estimates derived from numerical solution of the Kirkwood equation 6 and recent Monte Carlo simulations 16 .
II. THE SECOND EQUILIBRIUM HIERARCHY EQUATION FOR HARD DISKS
We consider a gas of hard disks of diameter σ at thermal equilirium with constant number density n and temperature T .
Let n 2 (r 12 ) denote the number density of pairs of particles situated at distance r 12 = |r 1 − r 2 |. Using the fact that n 2 (r 12 ) = 0 for r 12 < σ we introduce a dimensionless function y 2 (r 12 ) defined by n 2 (r 12 ) = n 2 θ(r 12 − σ)y 2 (r 12 )
where θ is a unit step function.
We assume that n 2 (r 12 ) → n 2 when r 12 → ∞. The two-particle dimensionless correlation function h 2 (r 12 ) is then defined by the cluster decomposition y 2 (r 12 ) = 1 + h 2 (r 12 ), so that n 2 (r 12 ) n 2 = θ(r 12 − σ) [ 
The second equilibrium Yvon-Born-Green (YBG) hierarchy equation establishes an exact relation between n 2 (r 12 ) and the reduced three-particle number density n 3 (r 1 , r 2 , r 3 ).
Introducing the excluded volume factor we write the three-particle density as
The function n 3 depends only on the distances r ij = |r ij | = |r i − r j |, and is a symmetric function of the three variables r 12 , r 13 , r 23 . In the case of hard disks y 2 is related to y 3 through the second YBG hierarchy equation (see Appendix A)
whereσ andr are unit vectors |σ| = |r| = 1. Puttingr ·σ = cos φ we rewrite (5) in an explicit form
When writing (6) the equality
has been used.
The rigorous relation (6), valid for r > σ, will be the starting point for subsequent considerations.
III. THE KIRKWOOD SUPERPOSITION APPROXIMATION
The Kirkwood superposition approximation consists in replacing in equation (6) the three-particle density by the product of two-particle densities corresponding to three different pairs of particles
Adopting (7) leads to a closed equation
It is convenient to rewrite (8) using the dimensionless distance x = r/σ. Denoting by Y (x) the function
we find that it satisfies the non-linear equation
valid in the region x ≥ 1. Equation (10) represents the closure of the YBG hierarchy corresponding to the superposition approximation.
Our aim is to derive from (10) the equivalent integral equation satisfied by the dimensionless correlation function
To this end we insert (11) into (10) finding
In order to derive an integral equation for H(x) we integrate (12) over the spatial interval (x, ∞). Using the formulae
we get
where
and
It turns out that the angular integration in the formula for I * * (x) can be explicitly performed (the calculation is presented in Appendix B). One eventually finds
In this way we arrive at an integral equation
representing the superposition closure for the correlation function H(x).
Our method of determining H(x) is based on the fact that the solution of Eq. (18) satisfying the boundary condition lim x→∞ H(x) = 0 can be obtained numerically by iterations.
Note that we can rewrite Eq. (18) in the following form
where L is the integral operator given by
The above integral equation for H(x) was solved by a standard Neumann method with succesive over-relaxation 18 . The iterative solutions are then given by Examples of the correlation functions obtained in this way are presented in Fig. 1 . As it is seen, the decay of H(x) becomes slower as the surface fraction is increased, and a pronounced peak structure appears.
IV. LINEARIZATION OF KIRKWOOD'S EQUATION: THE RING APPROXIMATION
Before continuing the analysis based on equation (18) let us make a comment on the relationship between the superposition approximation and the ring approximation, well known from the kinetic theory (see 15 and references given therein).
Originally, the ring approximation was applied to the study of long wavelength hydrodynamic phenomena, and was defined by neglecting in the second equation of the dynamical BBGKY hierarchy all contributions from the three-particle correlations. 
It is important here to note that while rejecting in the cluster decomposition (22) threeparticle correlations we nevertheless retain in the hierarchy equation the full excluded volume factor represented by the product of unit step-functions (see definition (4)). In fact, this factor represents the exact lowest order term in the density expansion of the three-particle number density, and is of fundamental importance for the correct description of hard disks at low densities.
Comparing (23) with the superposition formula
we see that the ring approximation corresponds exactly to the linearization of the Kirkwood theory in h 2 .
The linearized form of equation (12) reads
In order to derive an integral equation for H(x) we proceed as before by integrating (25) over the spatial interval (x, ∞). The result reads
(see equation (16)). Using again the calculation presented in Appendix B we eventually find
−2nσ
representing the ring approximation. Equation (28) can again be solved numerically by iterations, and is expected to yield relevant results in the low density regime.
The comparison of the results obtained with the full Kirkwood approximation and its linearization is presented in Fig. 2 . Defining the surface fraction ξ as
we plot here the compressibility factor Z(ξ), given by
where the contact value H(1) is also a function of ξ. For comparison, we include here Z(ξ)
dependence as predicted by the scaled particle theory (SPT)
As it is seen, the iteration results agree with the SPT predictions up to approximately ξ = 0.4. For larger packing fractions, the Kirkwood approximation tends to underestimate the compressibility factor, whereas ring approximation overestimates it.
V. ASYMPTOTIC DECAY OF CORRELATIONS: PREDICTING A STRUCTURAL TRANSITION
A. Breakdown of the method used for attractive interactions
The fundamental information concerning the internal structure of the system is contained in the spatial dependence of correlations. In particular, the law governing the asymptotic vanishing of correlations is of primary importance. In order to determine the behavior of H(x) at large distances, it seems natural to follow the moment analysis presented in Refs. 13 and 14. The calculation would proceed as follows.
For x > 2, the Kirkwod equation (12) can be conveniently written as
When x ≫ 1, the power series expansion of H(|x −σ|) around the point |x| = x yields nonzero contributions only from terms involving odd powers of cos φ = (x ·σ). The calculation up to the third derivative of H yields the expansion
where ′ denotes the derivative with respect to x.
Using the boundary condition lim x→∞ H(x) = 0 together with the equalities
and adopting for large distances the asymptotic formula
we find a linear differential equation of the form
But (34) 
We then use the expansion
to arrive at the equation
valid for x ≫ 1.
In order to determine the large x behavior of correlations we have thus to analyze the solution of (37) . We notice that all derivatives of H(x) satisfy the same equation. It is thus natural to consider H(x) as a linear combination of exponential modes exp(κx), where κ is a complex number. The function exp(κx) satisfies (37) provided κ solves the equation
where I 1 (κ) is a modified Bessel function. The physically acceptable solutions κ = a + ib are those with negative real part a < 0 which assures exponential damping of oscillations. The first root (with the smallest absolute value of a), corresponding to the slowest decay of the correlation function is shown in Fig. 3 . The values of κ(ξ) predicted with the use of Eq. (38) are in good agreement with the decay of the amplitude of H(x) determined by the iterative solution of integral equation (19) . Plotting the absolute value of H(x) on a logarithmic plot, and fitting it by the single mode αe κ ′ x , we obtain values of κ ′ which are slightly below those obtained by solving Eq. (38) . For example, for ξ = 0.3 we get κ ′ ≈ −2.1 (cf. Fig. 4 ), whereas the corresponding value of κ for that surface fraction is κ ≈ −2.02. Similarly, for ξ = 0.55
we get respectively κ ′ ≈ −0.8 and κ ≈ −0.7. The fact that the values of κ ′ remain slightly below those of κ can be understood by noting that κ corresponds to the slowest decaying mode, whereas in the numerical data on H(x) we also see nonzero contributions from other, faster decaying modes.
An interesting feature of the κ(ξ) dependence presented in Fig. 3 is the fact that the root becomes purely imaginary at A = A * ≈ 15.1. This point can be made more precise by analyzing when the equation (38) acquires a purely imaginary solution κ = ib. As (38) implies the condition
where the first equality follows from the recurrence relation between Bessel functions J n . progressively extended as we approach ξ * , since the decay of H(x) is very weak there. We 
representing for ξ a physically impossible condition (beyond close packing). The ring approximation is unable to describe a qualitative change in the hard disk correlation function.
For any accessible surface fraction it predicts exponentially damped oscillations. 
C. Structural transition in a hard sphere fluid
In passing to the Kirkwood superposition approximation we need only to replace the factor 4nπσ 3 in the above equation by λ = 4nπσ 3 [1 + H (1)]. This fact follows from the previously made remark that the ring approximation represents exactly the linearized Kirkwood theory.
In order to determine the range of values of λ > 0 beyond which the exponential damping becomes impossible we explore the possibility of vanishing of the real part a of the complex number κ = a + ib. Equation (42) reduces then to
The absolute minimum of the function 
D. The hard rod fluid: testing the method
The rigorous calculation of the two-particle correlation function for hard rods (see e.g.
Ref. 17) shows that its structure corresponds to exponentially damped oscillations at all possible densities. One finds
where ζ = nσ 1 − nσ In fact, the superposition law turns out to be exact for a one-dimensional hard rod fluid 17 , and the second equation of the equilibrium hierarchy takes a particularly simple form
The formula (46) represents the solution of (47). When x > 2, we find
Applying the same method as that used for hard disks we look for exponential modes exp(κx) solving (48). The complex frequency κ satisfies the equation
It turns out that all solutions of equation (49) can be expressed in terms of the multivalued Lambert W function. Indeed, the special function W (z) is defined on the complex plane by the equation
But (49) It follows that support to our approach of focusing on the slowest decay mode only.
VI. DISCUSSION AND CONCLUSIONS
The question of whether a system of particles interacting via a purely repulsive potential (only) can undergo a phase transition has been under continuous investigation since first posed and addressed by Kirkwood over 70 years ago. For a system of hard disks, the first numerical evidence was provided by Alder and coworkers 21, 22 . The data reported in From the analysis and numerical evidence presented in Section 4.B, we have calculated the area fraction ξ at which a structural change in the hard disk fluid can take place, viz., and later correlated with structural rearrangements occurring at increasing disk density [31] [32] [33] [34] .
Thirdly, we cannot confirm the existence of regions of five-fold coordination in the dense fluid phase, first predicted by Bernal 35-37 based on his ball and spoke model of a random assembly of hard-core particles, although it has been conjectured that the hexatic phase might be correlated with randomly dispersed regions of 5-, 6-, and 7-member disk clusters forming percolated tessellations that span the d=2 space 38 .
The larger point, however, relates to the original Kirkwood prediction, viz. that a system of particles interacting via purely repulsive forces, here hard disks but also hard spheres, can undergo a phase transition. Although not widely accepted at first, following the work of Onsager on the isotropic-nematic transition in a d=3 dimensional system of thin hard rods 39 , there developed a gradual realization that a phase transition can be entropy driven.
As elaborated by Frenkel 40 , in hard-core systems the entropy in the ordered phase is actually larger than the fluid phase; quoting directly, "the entropy decreases because the density is no longer uniform in orientation or position, but the entropy increases because the free-volume per particle is larger in the ordered than in the disordered phase." The present contribution provides further evidence for the essential correctness of Kirkwood's insight.
Appendix A: Derivation of Eq.(5) from the BBGKY hierarchy Consider a gas of hard disks of mass m and diameter σ. We denote by j ≡ (r j , v j ), j = 1, 2, ... the one-particle state in which a disk has position r j and velocity v j . The average number density of s-particle clusters occupying at time t the s-particle state (1, 2, ..., s) is called the s-particle reduced distribution f s (1, 2, ..., s; t).
The dynamical evolution of the hard disk fluid is described in the thermodynamic limit by the BBGKY hierarchy equations. The second of them establishes a relation between f 2 and f 3
The effects of binary collisions are described by the operator T (i, j)
Here the Dirac δ-distributions restrict the distances |r ij | between the centers of the disks 
Hence, in the case of equilibrium reduced distributions
equation (A1) takes the form
We can divide both sides of equation (A5) by the product φ(v 1 )φ(v 2 ), and perform integration over the v 3 variable. Moreover, we introduce explicitly the excluded volume factors by using equations (1), (4) . The hierarchy equation becomes v 12 · ∂ ∂r 12 − σ dσ v 12 ·σ δ(r 12 − σ) θ(r 12 − σ)y 2 (r 12 ) = (A6) We now use the identity v 12 · ∂ ∂r 12 θ(r 12 − σ) ≡ σ dσ v 12 ·σ δ(r 12 − σ)
which reduces the left hand side of (A6) to L = θ(r 12 − σ)v 12 · ∂ ∂r 12 y 2 (r 12 )
On the right-hand side owing to the presence of δ-distributions we can perform integration over variable r 3 thus obtaining R = nσθ(r 12 − σ) dσ v 12 ·σ θ(|r 12 − σ)| − σ)y 3 (r 12 , σ, |r 12 − σ)|)
As the equality L = R must hold for any value of the relative velocity v 12 , we finally find 
Putting µ = zν we find I * * (x) = − dz zH(z)θ(z − 1)
The change of the integration variable w = √ 1 − ν 2 yields the formula I * * (x) = − dz zH(z)θ(z − 1)
= − dz zH(z)θ(z − 1) 
used in equation (17) .
